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A loop K is solvable if there exists a normal series 1 = K0 
K1  K2  · · ·  Kn = K of subloops Ki such that each factor
Ki/Ki−1 is an abelian group. Back in 1966, G. Glauberman proved
[G. Glauberman, On loops of odd order II, J. Algebra 8 (1968) 393–
414] that every Moufang loop of odd order is solvable. He also
showed that if π is any set of primes then every Moufang loop
of odd order contains a Hall π-subloop. Since then it has been
an open question whether or not P. Hall’s Theorem holds for all
ﬁnite Moufang loops. Here we aﬃrmatively answer this question
by showing that a ﬁnite Moufang loop is solvable if and only if it
contains a Hall π-subloop for any set of primes π .
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
A Moufang loop is a loop that satisﬁes the Moufang identity
(xy)(zx) = x((yz)x).
We say that a loop L is solvable if it has a normal series 1 = L0  L1  L2  · · ·  Ln = L such that
Li/Li−1 is an abelian group for all 1  i  n. Let π be a set of primes. We say that L is a π -loop if
it is ﬁnite and any prime factor of |L| is contained in π . If Q is a subloop of a Moufang loop L such
that gcd(|Q |, |L|/|Q |) = 1 then Q is called a Hall π -subloop of L. Note that if π = {p} then a Hall
π -subloop is a Sylow p-subloop.
Suppose that L is a ﬁnite Moufang loop of odd order. It was shown by G. Glauberman in [8] that
L is solvable and that for any set of primes, π , L contains a Hall π -subloop. He also showed (again
for Moufang loops of odd order) that for any π -subloop K  L there exists a Hall π -subloop of L that
contains K .
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ically, if L is any ﬁnite Moufang loop then it is solvable if and only if it contains a Hall π -subloop for
any set of primes π . Furthermore, if we know that L is solvable and that either 3  |L|, 3 ∈ π , or 2 /∈ π
then any π -subloop of L is embedded in some Hall π -subloop of L. Our methods involve working
with the smallest triality group G(L) of a solvable Moufang loop L. Recall that a triality group of a
Moufang loop admits an action by the symmetric group S = 〈σ ,ρ | σ 2 = 1 = ρ3,ρσ = σρ2〉. We are
able to show that when L is solvable then
(i) G(L) is solvable and
(ii) if K is a π -subloop of L then GL(K ) = 〈K , Kρ, Kρ2 〉 is a π -subgroup of G(L).
2. Moufang loops
A set L with a binary operation is called a loop if contains a two-sided identity and both left and
right multiplication by any ﬁxed element permutes the elements of L. A loop L is a Moufang loop if
the identity (xy)(zx) = x((yz)x) holds for all x, y, z ∈ L. This weaker form of the associative law was
introduced by Ruth Moufang and, from Lemma 3.1 of [1], is actually equivalent to ((xy)x)z = x(y(xz))
and to z(x(yx)) = ((zx)y)x.
It can be seen that every group is a Moufang loop. Even with the lack of associativity Moufang
loops still capture many properties that hold for groups. We say that a loop is diassociative if any
two of its elements generate a group. It is known that every Moufang loop is diassociative. This was
originally proven by Ruth Moufang in [14]. It was shown in [7] and [11] that not only does Lagrange’s
Theorem hold for groups, but also for Moufang loops. From [4–6,9,10] we know that Sylow’s Theorems
(with exception to conjugacy) also hold for Moufang loops.
In a loop L we deﬁne the left translations, L(x), and the right translations, R(x), by
yL(x) = xy and
yR(x) = yx
for all y ∈ L. The inner mapping group of L is the group generated by the left, right, and middle inner
mappings, namely,
L(x, y) = L(x)L(y)L(xy)−1,
R(x, y) = R(x)R(y)R(xy)−1, and
T (x) = R(x)L(x)−1
respectively. Because Moufang loops are diassociative we have the identity (x−1 y)x = x−1(yx). There-
fore, the middle inner mapping T (x), also called conjugation by x, satisﬁes T (x) = L(x)−1R(x).
A nice example of nonassociative Moufang loops can be formed by looking at Zorn vector matrices
(
a v
u b
)
where a and b are contained in a ﬁnite ﬁeld Fq and u, v ∈ F 3q . Here addition and multiplication are
deﬁned in the following way
(
a v
u b
)
+
(
c α
β d
)
=
(
a + c v + α
u + β b + d
)
,
3254 S.M. Gagola III / Journal of Algebra 323 (2010) 3252–3262(
a v
u b
)(
c α
β d
)
=
(
ac + v · β aα + dv − u × β
b β + cu + v × α bd + u · α
)
where u · v and u× v are the usual dot product and cross product. With the quadratic form q(( a vu b )) =
ab− v · u, such a matrix M is invertible if and only if q(M) = 0. Under multiplication such matrices are
nonassociative but do satisfy the Moufang identities. Therefore, the set of invertible matrices of norm
one, SLL(q), forms a Moufang loop. Martin Liebeck [13] classiﬁed all of the ﬁnite simple nonassociative
Moufang loops showing that these were the ﬁnite Paige loops, namely, P (q) = SLL(q)/{±I}.
Another type of Moufang loop, called an extra loop, is a loop that satisﬁes one (equivalently all) of
the following identities:
(i)
(
(xy)z
)
x = x(y(zx));
(ii) (xy)(xz) = x((yx)z);
(iii) (zx)(yx) = (z(xy))x.
It was shown by M. Kinyon and K. Kunen in [12] that if L is a ﬁnite solvable extra loop and π
is a set of primes then there exists a Hall π -subloop of L and every π -subloop of L is contained
in some Hall π -subloop of L. They also showed that if Q 1 and Q 2 are Hall π -subloops of a ﬁnite
solvable extra loop L then there exists an element g ∈ L such that Q 1T (g) = Q 2. However, such a
result does not generally hold for solvable Moufang loops. For example, we know from [3] that there
are solvable Moufang loops L of even order that contain Sylow p-subloops, say P1, P2 ∈ Sylp(L), such
that P1T (g) = P2 for all g ∈ L.
Lemma 2.1. Suppose L is a ﬁnite Moufang loop where none of its composition factors are isomorphic to a Paige
loop P (q). Then it is a π -loop if and only if every element in L has an order that is a product of primes in π .
Proof. If L contains an element whose order is not a product of primes in π then, by the Lagrange
property, L is not a π -loop.
If L is not a π -loop then there exists a composition factor of L, say K , which is not a π -loop. Since
K is not isomorphic to a Paige loop, K is a ﬁnite simple group. Therefore, K contains an element g
whose order is not a product of primes in π . Hence not every element in L has an order that is a
product of primes in π . 
Corollary 2.2. If L is a ﬁnite solvable Moufang loop then it is a π -loop if and only if every element in L has an
order that is a product of primes in π .
Note that this property does not hold for all ﬁnite Moufang loops since every nontrivial element
in the Paige loop P (2) has an order that is a prime in π = {2,3} but P (2) is not a π -loop with
|P (2)| = 120.
3. Groups with triality
In this section we look at the connection between Moufang loops and groups with triality. With
this we obtain information about the smallest triality group associated with a ﬁnite Moufang loop
that is solvable.
Deﬁnition 3.1. The pair (G, S) is called a group with triality if G is a group, S  Aut(G) with S =
〈σ ,ρ | σ 2 = ρ3 = (σρ)2 = 1〉 ∼= S3, and
[g,σ ][g,σ ]ρ [g,σ ]ρ2 = 1
for every g ∈ G .
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If G is a group with triality S = 〈σ ,ρ〉 and L = {[g, σ ] | g ∈ G} then, from [2] and [11], L is a
Moufang loop associated with G under the binary operation
a  b = (a−1)ρb(a−1)ρ2
= a−ρba−ρ2 .
Lemma 3.2. If G is a group with triality S = 〈σ ,ρ〉 and L is the corresponding Moufang loop then for any
elements a,b ∈ L we have the following equalities:
a  a  · · ·  a︸ ︷︷ ︸
k
= ak; (1)
a  b  a = aba; (2)
a−ρ2ba−ρ = b  a. (3)
Proof. This is proven in [4]. 
It was shown by Doro [2] that for any Moufang loop L there exists a group G with triality S such
that L is the corresponding Moufang loop. However, such a group is not necessarily unique.
Lemma 3.3 (Doro). If L is a Moufang loop and G is a triality group of L then Lρ
2
is a right transversal of CG(σ )
in G. So every element in G can bewritten uniquely as xgρ
2
where x ∈ CG (σ ) and g ∈ L and |G| = |CG(σ )| · |L|.
Similarly, every element in G can be written uniquely as yhρ where y ∈ CG(σ ) and h ∈ L.
Proof. This was proven by Doro in Lemma 1 of [2]. 
Suppose that G is a group with triality S where L is the corresponding Moufang loop. If K is a
subloop of L then, from [7] and [11], there is a subgroup
GL(K ) =
〈
K , Kρ, Kρ
2 〉
= 〈K , Kρ 〉
of G , which is also invariant under S , such that K is the Moufang loop associated with the triality
group GL(K ).
Lemma 3.4. Suppose G is a group with triality S = 〈σ ,ρ〉 and L is the corresponding Moufang loop. If g ∈ L
and x ∈ CG (σ ) then
x−1gx, x−ρ gxρ2 ∈ L and
g−ρ gρ2 ∈ CG(σ ).
Proof. Since x−1gx = x−1g−ρ g−ρ2x = [gρx, σ ] and x−ρ gxρ2 = x−ρ g−ρ g−ρ2xρ2 = [gρxρ,σ ],
x−1gx, x−ρ gxρ2 ∈ L. Since (g−ρ gρ2)σ = gρ2 g−ρ = g−ρ gρ2 , g−ρ gρ2 ∈ CG(σ ). 
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H is the largest subgroup of G that is invariant under S where K is its corresponding Moufang loop then
H =
{
xgρ ∈ G
∣∣∣∣ g ∈ K , x ∈ CG(σ ), [xρ,σ ] = x−ρxρ
2 ∈ K ,
and [zρx,σ ] = x−1zx ∈ K for all z ∈ K
}
.
Proof. From Theorem 1 of [11] we know that if G0 is the S-subgroup of G generated by K then
G0  H . Therefore
H = {xgρ ∈ G ∣∣ g ∈ K , x ∈ CG(σ ), x ∈ NG(G0), [xρ,σ ] = x−ρxρ2 ∈ K}.
Note that for any x ∈ CG(σ ),
x ∈ NG(G0) and x−ρxρ2 ∈ K
⇐⇒ x−1Kx = K , x−1Kρx ⊆ G0, and x−ρxρ2 ∈ K
⇐⇒ x−1Kx = K , x−ρ2 Kxρ2 ⊆ G0, and x−ρxρ2 ∈ K
⇐⇒ x−1Kx = K , x−ρ2xKx−1xρ2 ⊆ G0, and x−ρxρ2 ∈ K
⇐⇒ x−1Kx = K , (x−ρxρ2)ρK (x−ρxρ2)−ρ ⊆ G0, and x−ρxρ2 ∈ K
⇐⇒ x−1Kx = K and x−ρxρ2 ∈ K .
Hence,
H = {xgρ ∈ G ∣∣ g ∈ K , x ∈ CG(σ ), x ∈ NG(G0), [xρ,σ ] = x−ρxρ2 ∈ K}
=
{
xgρ ∈ G
∣∣∣∣ g ∈ K , x ∈ CG(σ ), [xρ,σ ] = x−ρxρ
2 ∈ K ,
and [zρx,σ ] = x−1zx ∈ K for all z ∈ K
}
. 
If G is a group with triality S and 1 = G0  G1  · · ·  Gn = G is a series of subgroups that are
invariant under S then there exists a normal series 1 = L0  L1  · · · Ln = L of Moufang loops such
that Li is the Moufang loop corresponding to Gi for 0 i  n. Moreover, Li+i/Li is the Moufang loop
corresponding to Gi+1/Gi for 0  i  n − 1. However, S may centralize Gi+1/Gi in which case its
corresponding Moufang loop is 1. See [2] for more details.
Theorem 3.6. If L is a ﬁnite Moufang loop and K  L is a solvable subloop then GL(K ) is a solvable subgroup
of G(L).
Proof. Let 1 = K0  K1  · · ·  Kl = K be a normal series such that Ki+1/Ki is a cyclic group of
prime order for all 0 i < l. Assume that the theorem is false and minimize i so that GL(Ki) is not
solvable. Let H be the largest subgroup of GL(Ki) that is invariant under S = 〈σ ,ρ〉 where Ki−1 is its
corresponding Moufang loop.
We know that GL(Ki−1) is normal in H . We will now show that H is normal in GL(Ki). Let
g ∈ KiKi−1. For any h ∈ Ki−1 we get that
g−1hρ g = g−1hρ g[g−1hρ g,σ ]−ρ[g−1hρ g,σ ]ρ
= g−1hρ g(g−1h−ρ g2h−ρ2 g−1)−ρ(g−1h−ρ g2h−ρ2 g−1)ρ
= g−1hρ g(g−1  h  g)−ρ(g−1  h  g)ρ
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= g−1hρ gg−1hg−ρhρ2 g−ρ2(g−1  h  g)ρ
= g−1h−ρ2 g−ρhρ2 g−ρ2(g−1  h  g)ρ
where g−1  h  g ∈ Ki−1 and g−1h−ρ2 g−ρhρ2 g−ρ2 ∈ CG(L)(σ ). Since
(
g−1h−ρ2 g−ρhρ2 g−ρ2
)−ρ(
g−1h−ρ2 g−ρhρ2 g−ρ2
)ρ2
= ((g−1h−ρ2 g−ρhρ2 g−ρ2)σ )−ρ(g−1h−ρ2 g−ρhρ2 g−ρ2)ρ2
= g−ρ2hρ2 g−1h−ρ2 g−ρ g−ρ2h−ρ g−1hρ g−ρ
= g−1  g  h  g−1  h−1  g
= h  g−1  h−1  g ∈ Ki−1
and
(
g−1h−ρ2 g−ρhρ2 g−ρ2
)−1
z
(
g−1h−ρ2 g−ρhρ2 g−ρ2
)
= (g−1h−ρ2 g−ρhρ2 g−ρ2)−1z(g−1h−ρ2 g−ρhρ2 g−ρ2)σ
= gρ2h−ρ2 gρhρ2 gzghρ gρ2h−ρ gρ
= ((g−1  ((g  z  g)  h−1))  h)  g−1
= ((z  (g  h−1))  h)  g−1 ∈ Ki−1
for all z ∈ Ki−1, by Lemma 3.5, g−1hρ g ∈ H . Similarly, for any h ∈ Ki−1, g−1hρ2 g ∈ H . Thus
g−1GL(Ki−1)g = g−1〈Kρi−1, Kρ
2
i−1〉g  H . Therefore there exists a subgroup GL(Ki−1)  B  H such
that h ∈ NG(L)(B). Since B is invariant under S , hρ ∈ NG(L)(B) and hρ2 ∈ NG(L)(B). Hence, B  GL(Ki)
and 〈B,h,hρ〉 = GL(Ki). Therefore, B = H and H  GL(Ki).
We now want to show that H is solvable. Since GL(Ki−1) is solvable, there exists a normal series
1 = H0  H1  H2  · · ·  Hn = GL(Ki−1) such that Hk+1/Hk is a cyclic group of prime order for
all 0  k < n. Let ak ∈ HkHk−1 for 1  k  n. Since H  GL(Ki), g−makgm ∈ H for all 1  k  n.
Furthermore, since Hn  H , (g−makgm)−1as(g−makgm) ∈ Hn for all 1  k  n, 1  s  n, and m ∈ N.
Let p = |Ki/Ki−1|. Thus gp ∈ Ki−1. Now for any 1m < p let
Hmn+1 =
〈
g−tas gt, g−ma1gm
∣∣ 0 t <m, 1 s n〉,
Hmn+2 =
〈
g−tas gt, g−ma1gm, g−ma2gm
∣∣ 0 t <m, 1 s n〉,
...
Hmn+n =
〈
g−tas gt, g−ma1gm, . . . , g−mangm
∣∣ 0 t <m, 1 s n〉.
Claim. For any ﬁxed 1m < p and 1 k n, Hmn+k−1  Hmn+k.
Proof of the claim. It is enough to show that g−makgm ∈ NG(L)(Hmn+k−1). Note that for any 0 t <m
and any 1 s n,
3258 S.M. Gagola III / Journal of Algebra 323 (2010) 3252–3262(
g−makgm
)−1(
g−tas gt
)(
g−makgm
)
= g−t g−(m−t)a−1k g(m−t)as g−(m−t)akg(m−t)gt
= g−t(g−(m−t)akg(m−t))−1as(g−(m−t)akg(m−t))gt
∈ g−t Hngt
⊆ Htn+n
⊆ Hmn+k−1.
Also note that for any 0 < s < k,
(
g−makgm
)−1(
g−mas gm
)(
g−makgm
) = g−ma−1k asak gm
∈ g−mHk−1gm
⊆ Hmn+k−1.
Therefore, g−makgm ∈ NG(L)(Hmn+k−1) and Hmn+k−1  Hmn+k . 
Therefore, 1 = H0  H1  H2  · · ·  Hpn is a normal series with |Hmn+k/Hmn+k−1| | |Hk/Hk−1|
for all 0  m < p and 1  k  n. So either Hmn+k = Hmn+k−1 or Hmn+k/Hmn+k−1 is a cyclic group
of prime order. From this we get that Hpn is solvable. Furthermore, it is clear by deﬁnition that
g ∈ NG(L)(Hpn). Likewise, since Hpn is invariant under S , gρ, gρ2 ∈ NG(L)(Hpn). Hence Hpn  GL(Ki)
and Hpn = H . Since H is solvable and GL(Ki)/H is an elementary abelian p-group, GL(Ki) is solvable
which contradicts our assumption. 
Theorem 3.7. If L is a ﬁnite Moufang loop and K  L is a solvable subloop then K is a π -subloop if and only
if GL(K ) is a π -subgroup of G(L).
Proof. We know from Eq. (1) that if K contains elements of order n then GL(K ) contains elements of
order n. Therefore, by Corollary 2.2, if GL(K ) is a π -group then K is a π -loop.
Now suppose that K is a π -loop. Let 1 = K0  K1  · · ·  Kl = K be a normal series such that
Ki+1/Ki is a cyclic group of prime order for all 0  i < l. Assume that GL(K ) is not a π -group and
minimize i so that GL(Ki) is not a π -group. By minimality of i, there is a normal series 1 = H0 
H1  · · ·  Hn = GL(Ki−1) such that Hk+1/Hk is a cyclic group of prime order with |Hk+1/Hk| ∈ π
for all 0  k < n. Let p = |Ki+1/Ki |. From the proof of Theorem 3.6 there exists a normal series
1 = H0  H1  · · · Hpn  GL(Ki) such that |Hmn+k/Hmn+k−1| | |Hk/Hk−1| ∈ π for all 0m < p and
1  k  n. Moreover, GL(Ki)/Hpn is an elementary abelian p-group with p = |Ki+1/Ki | ∈ π . Hence,
GL(Ki) is a π -group which contradicts the assumption. 
4. P. Hall’s Theorem
In this section we will show that if L is a ﬁnite Moufang loop then it is solvable if and only if it
has a subloop of order n for every divisor n of |L| with gcd(n, |L|/n) = 1.
Lemma 4.1. Suppose that G is a group with triality S = 〈σ ,ρ〉 where L is the corresponding Moufang loop.
Let h ∈ L and xgρ ∈ G where x ∈ CG(σ ) and g ∈ L. If a = hxgρ and b = (hρ)xgρ then the following elements
of L:
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aρ,σ
] = [(g−ρx−1hxgρ)ρ,σ ] and[
bρ,σ
] = [(g−ρx−1hρxgρ)ρ,σ ]
have the same order as h.
Proof. See Lemma 4.1 in [4]. 
Proposition 4.2. Let G be a ﬁnite group with triality S = 〈σ ,ρ〉 where L is the corresponding Moufang loop.
Suppose Q is a Hall π -subloop of L and B is a Hall π -subgroup of G such that 〈Q , Q ρ〉 B and B is invariant
under σ . If M is the maximal subgroup of B that is invariant under S then for any b ∈ BM, [bρ,σ ] has an
order that is not a product of primes in π .
Proof. Since M is a π -group that is invariant under S and therefore containing Q , its corresponding
Moufang loop is a π -loop that contains Q . Since Q is a Hall π -subloop of L, Q is the Moufang loop
associated with M . Thus, by Lemma 3.5,
M = {xgρ ∣∣ g ∈ Q , x ∈ CB(σ ), x−1Q x = Q , x−ρxρ2 ∈ Q }
= {xgρ ∣∣ g ∈ Q , x ∈ CB(σ ), x−ρxρ2 ∈ Q }.
Let b = yhρ ∈ B where h ∈ L and y ∈ CB(σ ). Since B is invariant under σ , h = [yhρ,σ ] ∈ B .
Since h ∈ NG(〈Q , Q ρ〉) and 〈Q , Q ρ〉 is invariant under S , hρ ∈ NG(〈Q , Q ρ〉). Thus, since |h| is a
product of primes in π , 〈Q , Q ρ,h,hρ〉 is a π -group that is invariant under S . So the Moufang loop
corresponding to 〈Q , Q ρ,h,hρ〉 is a π -loop and is therefore Q . Hence,
h ∈ Q ⇒ y /∈ M
⇒ y−ρ yρ2 /∈ Q .
Let’s now assume that a = [bρ,σ ] has an order that is a product of primes in π . Here
a = [bρ,σ ]
= [(yhρ)ρ,σ ]
= h−ρ2 y−ρ yρ2h−ρ
= y−ρ yρ2  h.
Since b ∈ NG(〈Q , Q ρ〉) and 〈Q , Q ρ〉 is invariant under S , a = [bρ,σ ] = y−ρ yρ2  h ∈ NG(〈Q , Q ρ〉).
Likewise, aρ has an order that is a product of primes in π and aρ ∈ NG(〈Q , Q ρ〉). Thus 〈Q , Q ρ,a,aρ〉
is a π -group that is invariant under S . So its corresponding Moufang loop is a π -subloop of L that
contains Q and a. Since Q is a Hall π -subloop of L, a ∈ Q . This implies that y−ρ yρ2 ∈ Q which
forms a contradiction. Hence, for any b ∈ BM , [bρ,σ ] has an order that is not a product of primes
in π . 
Theorem 4.3. Suppose L is a ﬁnite solvable Moufang loop. Let M be a normal elementary abelian p-group in
G(L) that is invariant under S = 〈σ ,ρ〉 and let P be its corresponding Moufang loop. If p  |L|/|P | then there
is a complement to M in G(L) that is invariant under S.
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G(L) is solvable and therefore contains a normal elementary abelian p-group, M . Furthermore, there
exists a normal subloop K  L such that L/K is a cyclic group of prime order with M  GL(K ) 
G(L). By minimality of L, there is a complement to M in GL(K ) that is invariant under S , say C .
Let Q be the Moufang loop associated with C . Note that Q is a Hall π -subloop of K where π =
{q | q is a prime that divides |L|/|P |} and C = GL(Q ) with GL(K ) = MC . Thus, from Theorem 3.7, C
is a Hall π -subgroup of GL(K ). Let H be the largest subgroup of G(L) that is invariant under S
such that K is its corresponding Moufang loop. Fro the proof of Theorem 3.6, there exists a normal
series GL(K ) = H0  H1  H2  · · ·  Hn = H  G(L) where, for all 1  i  n, Hi/Hi−1 is a cyclic
group of prime order and Hi = 〈Hi−1, g−1i ai gi〉 for some ai ∈ GL(K ) and some gi ∈ G(L)H . Since
M  G(L) and p  |GL(K )/M| = |C |, |Hi/Hi−1| ∈ π . Thus H/M is a π -group. Likewise, since G(L)/H is
an elementary abelian q-group where q = |L/K |, G(L)/M is a π -group.
Claim. For any 0 i  n, C is contained in a Hall π -subgroup of Hi , say Bi , where Bi is invariant under σ .
Proof of the claim. For i = 0, Bi = C which is invariant under σ . Suppose 0 k < n and C  Bk which
is a Hall π -subgroup of Hk that is invariant under σ . Since |Hk+1/Hk| ∈ π , Bk is properly contained
in a Hall π -subgroup of Hk+1, say 〈Bk, xhρ〉, where x ∈ CG(L)(σ ) and h ∈ K . Since xhρ ∈ NG(L)(BK )
and Bk is invariant under σ , h = [xhρ,σ ] ∈ NG(L)(BK ). From Theorem 1 of [11], h ∈ NG(L)(GL(K )).
Since C = Bk ∩ GL(K ), h ∈ NG(L)(C) ∩ GL(K ). Since C is invariant under S , h−ρ ∈ NG(L)(C) ∩ GL(K ).
Therefore x = xhρh−ρ ∈ NG(L)(C)Hk . Hence, 〈Bk, x〉 contains a Hall π -subgroup of Hk+1, namely
Bk+1 = 〈Bk, xm〉, where m is the largest power of p dividing |x|. Furthermore, C  Bk+1 and Bk+1 is
invariant under σ . So by induction, for all 0 i  n, C  Bi where Bi is a Hall π -subgroup of Hi that
is invariant under σ . 
Let g ∈ LK . Since Bn is a Hall π -subgroup of H and |〈H, gρ〉/H| ∈ π , Bn is properly contained
in a Hall π -subgroup of 〈H, gρ〉, say 〈Bn, xhρ gρ〉, where x ∈ CG(L)(σ ) ∩ H and h ∈ K . Since Bn is
invariant under σ , g  h = [xhρ gρ,σ ] ∈ NG(L)(Bn). Since g  h ∈ LK , there exists some power of p,
say m, such that a = (g  h)m ∈ LK and p  |a|.
Let W be the largest subgroup of Bn that is invariant under S . Since Bn is normal in 〈Bn,a〉, for
any z ∈ Q , both za and (zρ)a are contained in Bn . By Lemma 4.1, [(za)ρ,σ ] has the same order as
z which is a product of primes in π . Thus, by Proposition 4.2, za is contained in W . Similarly, (zρ)a
is contained in W . Therefore, Ca = GL(Q )a = 〈Q , Q ρ〉a  W . Thus, there exists a group C  A  W
such that a ∈ NG(L)(A). By Lemma 3.5, A is invariant under S . Therefore, aρ ∈ NG(L)(A) and 〈A,a,aρ〉
is a group with triality S . Let Q ′ be its corresponding Moufang loop. Since p  |a| and a ∈ LK , Q ′ is
a Hall π -subloop of L. Hence, GL(Q ′)M = G(L) and GL(Q ′) is a Hall π -subgroup of G(L) which is a
complement to M in G(L). 
Theorem 4.4. Suppose L is a ﬁnite Moufang loop. Then L is solvable if and only if for every divisor n of |L| such
that gcd(n, |L|/n) = 1, L has a subloop of order n.
Proof. Let L be a ﬁnite Moufang loop of minimal order such that it is not solvable and it has a
subloop of order n for every divisor n of |L| with gcd(n, |L|/n) = 1. By P. Hall’s Theorem, we know
that L is nonassociative. Therefore, if L is simple then it is a Paige loop, P (q). From [4] and [9], we
know that P (q) does not contain any Sylow p-subloop for any prime p | q2+1gcd(q+1,2) . Therefore, L is
not simple and contains a nontrivial normal subloop, say N . Here both N and L/N have the property
of containing a Hall π -subloop for any set of primes π . By minimality of L, both N and L/N are
solvable. Hence L is solvable which forms a contradiction.
Now let L be a ﬁnite solvable Moufang loop of minimal order such that there exists a set of
primes, π , where L does not contain a Hall π -subloop. Since L is solvable, by Theorem 3.6, G(L)
is solvable. Since G(L) is a solvable group with triality S = 〈σ ,ρ〉, it contains a minimal normal
elementary abelian p-group that is invariant under S , say M . Let P be the Moufang loop associated
with M . Assume that P = 1. Then G(L)/M is a triality group whose corresponding Moufang loop
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Hence, P = 1 and G(L)/M is a triality group whose corresponding Moufang loop, L/P , is smaller
than L. By minimality of L, L/P contains a Hall π -subloop, say K/P . Note that p /∈ π because if so
then K would be a Hall π -subloop of L. Also note that L = K because if L = K then, by minimality
of L, K would contain a Hall π -subloop which would also be a Hall π -subloop of L. Since L = K ,
p  |L/P |. Hence, by Theorem 4.3, there exists a complement to M in G(L) that is invariant under S
and has a corresponding Moufang loop which is a Hall π -subloop of L. Therefore, by contradiction,
every ﬁnite solvable Moufang loop contains a Hall π -subloop for any set of primes π . 
Theorem 4.5. Suppose L is a ﬁnite solvable Moufang loop and π is a set of primes. If either 3  |L|, 3 ∈ π , or
2 /∈ π then any π -subloop of L is contained in some Hall π -subloop of L.
Proof. Let L be a minimal counterexample so that there exists a π -subloop K  L where K is not
contained in a Hall π -subloop of L. Since L is solvable, by Theorem 3.6, G(L) is solvable and therefore
contains a minimal normal elementary abelian p-group that is invariant under S = 〈σ ,ρ〉, say M . Let
P be the Moufang loop associated with M . By minimality of L, K P/P is contained in a Hall π -subloop
of L/P , say H/P .
Suppose that L/P is not a π -loop. Then K P/P  H/P  L/P and therefore K  K P  H  L. By
minimality of L, K is contained in a Hall π -subloop of H which is also a Hall π -subloop of L. So
by contradiction, L/P is a π -loop. Moreover, p /∈ π because if p ∈ π then L itself would be a Hall
π -subloop of L.
Since p  |L|/|P | and L/P is a π -loop, by Theorem 4.4, there exists a Hall π -subloop Q  L such
that GL(Q ) is a complement to M in G(L). Furthermore, by Theorem 3.7, GL(K ) is a π -subgroup and
GL(Q ) is a Hall π -subgroup of G(L). If 2 /∈ π then either p = 2 or L is a Moufang loop of odd order.
But if L is a Moufang loop of odd order then, from [8], K would be embedded in a Hall π -subloop
of L. Therefore, either p = 2, 3  |L|, or 3 ∈ π . The thing to note is that in each of these cases p = 3.
Now since GL(K )M = GL(K )M ∩ GL(Q )M = (GL(K )M ∩ GL(Q ))M , both GL(K ) and A = GL(K )M ∩
GL(Q ) are Hall π -subgroups of GL(K )M . Therefore GL(K ) and A are conjugate in GL(K )M . Let xgρ ∈
M where x ∈ CM(σ ) and g ∈ P such that GL(K )xgρ = A. Since GL(K ) and A are invariant under S ,
Ag
−ρ x−1 = GL(K ) ⇒
(
Ag
−ρ x−1)σ = GL(K )σ
⇒ Agρ2 x−1 = GL(K )
⇒ Agρ2 x−1xgρ = GL(K )xgρ
⇒ Ag−1 = A.
From this we get that g ∈ NG(L)(A) and therefore g−ρ ∈ NG(L)(A). Thus
Ax
−1 = GL(K ) ⇒
(
Ax
−1)ρ2 = GL(K )ρ2
⇒ Ax−ρ2 = GL(K )
⇒ Ax−ρ2 x = GL(K )x
⇒ Ax−ρ2 x = A
⇒ (Ax−ρ2 x)ρ2 = Aρ2
⇒ Ax−ρ xρ2 = A.
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n, y = (b−ρbρ2 )nx−1 ∈ CM(σ ) with Ay = GL(K ). Furthermore,
[
y−ρ,σ
] = [xρb−n(bn)ρ2 ,σ ]
= (bn)−ρ2bnx−ρxρ2bn(bn)−ρ
= (bn  b  bn)  bn
= b3n+1.
Since b ∈ P and p = 3, there exists some integer n such that [y−ρ,σ ] = b3n+1 = 1. Therefore, there ex-
ists an element y ∈ CM(S) with Ay = GL(K ). Since GL(Q ) is a Hall π -subgroup containing A, GL(Q )y
is a Hall π -subgroup containing GL(K ). Hence, since y ∈ CM(S), GL(Q )y is invariant under S where
its corresponding Moufang loop is a Hall π -subloop of L containing K . This forms a contradiction and
therefore completes the proof. 
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